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AERONAUTIC SYMBOLS 
1. FUNDAMENTAL AND DERIVED UNITS 



w 

9 

m 
I 



S 

Sa 

6 

b 

e 

A 
V 

1 

L 

D 
Do 



Length 

Time__ 
Force __ 

Power. 
Speed _ 



Symbol 



I 

t 

F 



P 
V 



Metric 



Unit 



meter 

second 

weight of 1 kilogram. 



horsepower (metric). 
fkilometers per hour. 
\meters per second 



Abbrevia- 
tion 



m 

s 

kg 



kph 
mps 



English 



Unit 



foot (or mile) 

second (or hour), 
weight of 1 pound 

horsepower 

miles per hour 

feet per second — 



Abbrevia- 
tion 



ft (or mi) 
sec (or hr) 
lb 



niph 
fps 



2. GENERAL SYMBOLS 



W eight =mg 

Standard acceleration of gravity ==9.80665 m/s^ 
or 32.1740 ft/sec^ 

Mass=— 
9 

Moment of inertia =mF. (Indicate axis of 

radius of gyration k by proper subscript.) 
Coefficient of viscosity 



V Kinematic viscosity 

p Density (mass per unit volume) 

Standard density of dry air, 0.12497 kg-m'W at 15° C 

and 760 mm; or 0.002378 Ib-ft""' sec^ 
Specific weight of standard*' air, 1.2255 kg/m^ or 

0.07651 Ib/cu ft 



Area 

Area of wing 
Gap 
Span 
Chord 

Aspect ratio, ^ 
True air speed 
Dynamic pressure, 



Lift, absolute coefficient Cl 



-qS 



Drag, absolute coefficient 



Profile drag, absolute coefficient C'z>o=^ 
Induced drag, absolute coefficient Cdi 



Dp Parasite drag, absolute coefficient ^dp=-^ 

C Cross-wind force, absolute coefficient Cc= 
2626° 



AERODYNAMIC SYMBOLS 

iv, Angle of setting of wings (relative to thrust line) 
it Angle of stabilizer setting (relative to thrust 
line) 

Q Resultant moment 
Q Resultant angular velocity 

VI 

R Reynolds number, p — where / is a linear dimen- 
sion (e.g., for an airfoil of 1.0 ft chord, 100 mph, 
standard pressure at 15° C, the corresponding 
Reynolds number is 935,400; or for an airfoil 
of 1.0 m chord, 100 mps, the corresponding 
Reynolds number is 6,865,000) 
a Angle of attack 
€ Angle of downwash 
Do oo Angle of attack, infinite aspect ratio 

a< Angle of attack, induced 

tta Angle of attack, absolute (measured from zero- 
lift position) 
7 Flight-path angle 
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SUMMARY 

The apparent increase in the inertia properties of a 
body moving in a fluid medium has been called the 
additional-mass eflect. This report presents a resume oj 
test jorocedures and results oj experimental determinations 
oj the additionaUjnass efect oj flat plates. In addition 
to data obtained jrom various foreign sources and jrom 
an NACA investigation in 1933, the results oj tests 
recently conducted by the National Advisory Committee 
for Aeronautics are included. In the recent NACA 
tests, the additional-mass efect oj rectangular plates oj 
varying aspect ratio was redetermined, and the additional- 
mass efect oj plates having tapered plan jorms was 
investigated for the first time. 

A test procedure is described by means oj which values 
oj additional mass are obtained as the diflerence between 
the moments oj inertia oj the plates experimentally de- 
termined in air and in vacuum. 

The results oj the present NACA tests, believed to be 
more accurate than data obtained in the older investiga- 
tions, jail a little above the data obtained by the NACA in 
1933 and somewhat below the values published in Germany 
in 1937. The German values appear erroneously high 
on the basis oj theoretical considerations. 

INTRODUCTION 

That the mass of a inoviiiii; Ixxly is api)arcntly greater 
in a fluid medium than in a vacuum was noted as early 
as 1836 (reference 1). The apparent increase in mass 
can be attributed to the additional energy required to 
establish the field of flow about the moving body. 
Inasmuch as the motion of the body may be defined 
by considering its mass as equal to the actual mass of 
the body plus a fictitious mass, the effect of the inertia 
forces of the fluid may be represented as an apparent 
additional mass; this additional mass, in turn, may be 
considered as the product of an imaginary volume and 
the density of the fluid. The effect of the surrounding 
fluid has accordingly been called the additional-mass 
eflfect. The magnitude of this effect depends on the 
density of the fluid and the size and the shape of the 
body normal to the direction of motion. 

Theoretical values of the additional mass of a number 
of bodies of infinite length and of eUipsoids or (4Hptic 
plates of finite dimensions have been previously derived 
(references 2 and 3). The verification of these values 



and the establishment of values for bodies of finite 
dimensions not covered by the theory, for example, 
rectangular plates, have provided the basis for experi- 
mental research on the phenomenon. Results from 
experimental determinations of the additional-mass 
effect have been reported from the aeronautical labora- 
tories of the United States, England, Russia, and 
Germany (references 4 to 8). Although these tests 
were primarily conducted for the purpose of correcting 
the experimentally det(M'min(Ml moments of inertia of 
airplanes, the results ol)tain(Hl are of importance in 
other aerodynamic problems. Because of I lie wide- 
spread interest in the j)rol)l(Mn and txH^ause of the lack 
of agreement in the results from the various laboratories, 
a compilation and an analysis of all the available data 
on th(^ subject seemed desirable. 

Extensive test programs on tlu^ additional-mass effect 
were conducted in the United States in 1933 and in 
Germany in 1937; it is with these tests that the present 
report is principally concerncnl. In an attempt to ex- 
plain the discrepancies between the results of these two 
investigations, the National Advisory Connnitte(^ for 
Aeronautics has repeated certain of its original tests, 
making use of improved apparatus and a dift'erent test 
procedure. The present tests Consisted in a redetermi- 
nation of the coefficients of additional mass and of 
additional moment of inertia for rectangular plan forms. 
In addition, a asjxH't of tlie j)rol)lem, the effect of 
taper ratio on the additional nionuMits of inertia, was 
investigated. 

SYMBOLS 

For ready refiMcnce, the symbols used repeatedly 
throughout the I'eport are collected in the following list. 
The dimensions of the plate are caUed chord c and span 
b, rather than length and breadth, to pcu'mit easy appli- 
cation to an airplaiK^ wing. 

c chord of ])lat(^ 
b span of plate 

V over-all volume of plate 

I distance from center of plate to axis of 
oscillation 

V linear velocity 

CO angular velocity 

p mass density of fluid in wliirli plate is im- 
mersed 

1 



2 
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nie mass of fluid entrapped within i)lato 
rria additional mass 

Iv virtual moment of iniM'tia al)Out midchord of 
plate 

Iq moment of inertia of sti'ueture of plate a])Out 

its midchord 
le mouKMit of inertia of entrapped ihiid about 

midchord of plate 
la additional moment of inertia about midchoi'd 

of ])late 

la^ a(l(htional moment of inertia about an axis 

removed a distance I from the midciiord 
Wa weight of plate in a fluid of density p 
Wo weight of plate in vacuum 
Ta period of oscillation in fluid of density p 
To period of oscillation in vacuum 
k coefficient of additional mass 

coefficient of additional moment of inertia 

THEORETICAL DISCUSSION 

Although the theoretical aspects of the problem of 
the additional-mass eftect have been fully treated in 
previous papers, the theory will be briefly reviewed as 
an introduction to the experimental work. 

Numerical measures of the additional-mass effect are 
obtained from a consideration of the momentum im- 
parted to the air by moving plates. For a thin flat 
plate of infinite span moving in a perfect fluid at con- 
stant velocity along the normal to its surface, the 
momentum imparted to the air ])er unit span is given 
by aerodynamic theory as 

^' (!) 

For plates of finite span, this expression must be cor- 
rected by the introduction of coefficients whose values 
depend on the dimensions of the plate. The additional 
mass for translation of a plate of span b is thus de- 
termined from the equation of linear momentum 

kirpc^b 1 ' 



so that 



kirpc^b 



(2) 



where k is the coefficient of additional mass. 

Similarly, tli(^ additional moment of inertia for 
rotation about the midchord, that is, the chord at the 
semis|)an, of a ])late of s])an b is determined from the 
equation of anu-ular momentum 



so that 



, b' k'lrpcW 
iaa) = m«y^a; = — — co 

, _k'Tpc'P 



48 



(3) 



where k' is the coc^flicic^nt of additional moment of 
inertia. 



The coeflicicMits /• and // are both functions of the 
s])an-chord ratio b/c. 

For rotation about an axis in the plane of the plate 
and j)arallel to tlu^ choid, equation (o) becomes 



la ,=Ia + rn = 1 ^ — 



(4) 



Likewise, for rotation about an axis in the ])lane of 
the plate and parallel to iUc span, the additional 
monicnl of inertia about the axis of rotation is 

/ -r I m j2- ^^'''pb-c' kirpc^bP 

J-ai—la^^la^ — |g 1 1 (5) 

where is tin* coefficient of the additional moment of 
inertia that applies to th(> ratio r />. When cjb is 
sufficiently small, the first term of this expression may 
be neglected so that equation (5) may be approximated 
as 

J 72 kirprb /" 

In=mJ' = ~^ (6) 

Plxperimental values of the coefficients /• and / ' are 
obtained from d(^terminations of m„ and /„, which are 
usually obtained by swinging flat plates in a fluid 
medium. The additional mass and the additional 
moment of hiertia are thus determined by deducthig the 
moment of inertia of the structure of the plate from its 
virtual moment of inertia in the (hiid. Wliether la or 
ma is det(M'mine(l depends on the choice of the axis 
about which the plate oscillates. 

Values of can be obtained from a single determina- 
tion of the moment of inertia of the plate in air by 
swinging the plate in one of three ways: 

1. As a compound pendulum about an axis through 
the midchord (the center of gravity being displaced 
below the midchord by properly weighting the plate) 

2. As a compound pendulum about an axis parallel 
to the midchord outside^ the ])lane of the plate 

3. As a torsional pendulum about an axis through the 
midchord 

In each case, the coefficient of the additional moment 
of inertia is found from e([uation (3): 

48/,, 



irpcW 



\'ahi(»s of jr\a may be directly found hy vibrating the 
plate along the normal to the surface of the plate by 
springs. If the additional mass is determined by swing- 
ing tests, there is superimposed on the translatory 
motion to be measured a rotational component that 
nuist also be evaluated. Values of therefore, can- 
not be foiuid from a single swinging experiment. If 
the plate is swung about an axis in the plane of the 
plate, parallel to the chord, and at a distance / from 
the center of the plate, equation (4) can be applied and 
m„ be (let(^rmined by the elimination of /„. The elim- 
ination of may be accomplished either by substitut- 
ing values of determined in previous experiments or 
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by the simuItaiK^ous solution of two expressions of 
equation (4) obtained by swinging the plate at two 
suspension lengths. The eoeffieient of additional mass 
is then found from the expression 



k= 



4ma 



As a close approximation, the additional mass may be 
found from a single swinging test if the axis of rotation 
is parallel to tlu* span in the plane of the plate. Th(»n, 
if c/6 is sufficiently small, ma can be determined from 
equation (6). 

SUMMARY OF PREVIOUS TESTS 

In order to form an adequate basis for a discussion 
of the results of the various investigations, the nature of 
the different experimental procedures and the scope 
of the various test programs will first be briefly outlined. 

In the German exp<Minu'iUs of 1930 (reference 4), 
small plates were fixed to one end of a vertical tube 



10 



^ 8 
I 

3^ 



hl2 

I 



1.2 



1.6 



2.0 



Fkjure 1.— Variation of additional nioniont of inertia with suspension length. From 
British tests (reference 5). 

nornud to the surface of th(» plates; the other (MuI of the 
tube was secured to two flat steel springs in such a 
ma.nner that the entire system was capable of vibrating 
in a vertical plane. The syst(^m was deflected about 
0.2 miflimeter and released; tlu^ resulting damped 
vibration was r(H'orded by a sciatch-recording device. 
The period of vibration was determined from nn^asure- 
ments of the vibratioji rt^'ord (upon wliicli timing 



marks wen* also recorded) by the us(» of a micrometer 
microscope. D(*t(M-minations of the additional mass of 
translation were ()i)tained as tlie difrerence between the 
total mass as measured in air and undc^- water. Four 
plates having dimcMisions in centinu^ters of 10 by 10, 
10 by 20, 10 by 80, and 10 l)y 40 were tested. 

The British tests (ri*f(M'(MK'(* 5) were conducted pri- 
marily to And the additional-mass effect of a complete 
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Fi(;ure2.— Variation of additional moment of inertia with lu'ndiihim lentitli. From 
British tests (reference /)). 

1/20-scale balsa model of a Bristol fighter. Tlie model 
was tested as a compound pendulum in an altiliidc 
chamV)er of two air densities. As a matter of interest, 
the t(»st program was extend(Hl to include tests of a 2- 
foot balsa plate of aspect ratio 7. This plate was swung 
as a compound pendulum with the axis of rotation (1) 
parallel to the chord in the plane of the plate, (2) paral- 
lel to the chord in the plane of symmetry, and (3) 
parall(4 to the span in the plane of symmetry. The 
plate was suspended by fine threads when hung hori- 
zontally and by metal points set in the plate wdien hung 
vertically. The additional momcMits of inertia of the 
plate were found by deducting th(» computed moment 
of the structure from the experimcMital value obtained 
in air at normal density. 

For the plate vertical the additional monuMit of 
inertia about the axis of rotation is plotted in figure 1 



against (^^J^ ' 



The additional moment of hiertia 



about the midcliord is found by (extrapolating this curve 
to Z=0. This value is compared in figure 2 with the 
data obtained by swinging the plate with its i)lane hori- 
zontal. The value of /« for 1=0 for this curve was 
obtained by means of a bifilar suspension. 
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The Russian exporimonts (roforoncc 6) wore made 
for the purpose of ol)laiiiing ex])eruiiental checks of 
theoretically derived formulas for the additional mass 
and moments of inertia of elliptic plates. For elliptic 
plates of span-chord ratio of 1, that is, for circular plates, 
these formulas reduce to 



8 ^ 



la. 



(14) 



(15) 



where rria^ is the additional mass along the axis perpc^n- 
dicular to the plate, and hy are the additional mo- 
ments of inertia about the axes of the plate, and r is 




Figure 3.— Computed values for the coellicients of a<l«lii ional mass and ol ilie addi- 
tional moments of inertia for elliptical plates. Fn.iii Russian rrport (reference t>). 

(he /-.'jdius of the ])lale. These loriiiulas may be 
appli(ul to elhptic plates by substituting for r the semi- 
major nxis and applying suitable* cori'cH'tion factors. A 
ph)t of these calcuhiled coeflicieuts (T,, the coefhcient 
of additional mass, and Cy, the co(*ffici(*nts of addi- 
tional moments of inertia) is shown in figure 3 as a 
function of cjh. For plates of iion(»Hiptic shape, the 
assumption is made that the moment of inertia would 
be that of an elliptic plate witli tlu* same axes increased 
in the ratio of tlie areas. This ratio would l)e 16/37r 
or 1.7 for a rectangle. 

The Russian tests were conducted on small card- 
board frames to both sides of which ])aper was glued. 
The models tested included (dimensions in cm) : three 
ellipses 28 by 28, 28 by 19, and 28 by 9; three rectangles 
28 by 19, 28 by 17, and 28 by 9; and two rectangles with 
rounded comers 28 by 17, and 28 by 9. The moments 
of inertia about the two axes of the plate were found by 
swinging the models m air by means of a biiilar sus- 



pension. A tetrafilar suspension was used to find the 
moment of inertia about the axis perpendicular to the 
plate (about which the additional moment of inertia 
should be zero). The moments of inertia of the struc- 
tures of the plates were computed on the assumption 
that the material was homogeneous and that the 
density was the same throughout. 

Tests made at the lal)oratories of the NACA in 1933 
(reference 7) were conducted on four light wooden 
frameworks covered on both sides with paper. The 
plates, the bjc ratio of which varied from 2 to 8, had a 
span of 4 feet and a thickness of one-fourth inch. 
Each plate was swung at four suspension lengths 
(1, 1}^, 2, and 2K times the chord) about an axis parallel 
to the midchord and outside the plane of the plate. 
The additional moments of inertia were found by 
deducting the computed moments of inertia of the 
structures of the plates and of the entrapped air from 
the virtual moments of inertia d(*termined in air of 
normal density. 

The additional-mass curve given in figure 3 of 
reference 7 was obtained from the Gc^rman experiments 
of 1930. The curve was extrapolattMl to 10 by the 
approximate empirical formula 



0.537 

blc 



An experimental check for b/c=4: was made at the 
NACA laboratories by swinging a 5- by 20-foot 
plate constructed of a w^oodcMi framework covered with 
doped fabric. The virtual moment of inertia of the 
covered plate was determined by swinging it with its 
plane vertical about an axis parallel to tlu* span and 
at iK-chord lengths from the center of tlu* ])lat(\ 
The momerit of inertia of the struct nr-e was found by 
swinging the uncovered frame and achling the moment 
of inertia of the fabric as obtained by computations. 

A later German inv(»stigation in 1937 (n^ference 8) 
consisted in swinging as compound pc^nrhihims two 
rectangular frameworks 0.75 by 3.0 nutters, one con- 
structed of aluminum tubing and tlu* other constructed 
of steel tubing. The b/c ratio of the plates was varied 
from 0.25 to 8 by the corresponding partial covering of 
the frame. The frames were tested in air of normal 
density with and without the covering. Ecpuil mass 
distribution for the covering was obtained in the un- 
covered frame by placing thin wires uiside the tubes. 
The experimentally detcM'mined moments of iiuM-tia of 
the frame were reported to compare favorably with the 
computed values. 

For the tests of the additional moment of iiuM-tia, 
the frames oscillated about knife edges or ball bearings 
at the midchord; weights were added to bring the center 
of gravity below the axis of rotation. The axis of 
oscillation for the additional-mass tests was in the 
plane of the plate* (lisplac(*d 1 .S meters from the center 
of the plate. 
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PRESENT NACA TESTS 

EXPERIMENTAL PROCEDURE 

The aclditional-rnass effect was determined in the 
present tests by swinging covered frameworks as com- 
pound pendulums. For the tests of additional moment 
of inertia, the axis of rotation was outside the plane of 
the plate; for the additional-mass tests, the axis of 
rotation was within the plane of the plate. In both 
cases, the axis was parallel to and at a distance I from 
the midchord. Each plate was tested at only one sus- 
pension length, values of the additional mass being 
found from equation (4) by substitution of values of 
la previously determined. Some of the frameworks 
were first covered on only one side and then on both 
sides to study the effect of the cross members on the 
additional mass. 

A modification of the equation for the compound 
pendulum to apply to bodies of small density was 
( loped in reference 7. The application of this equa- 
tion to the (h^termination of the additional-mass effect 
of flat plates required a further modification to account 
for the air entrapped within the structure of the plates 
covered on both sides. The I'c^sulting equation is 

It may he noted in })assing that Iv=Io + Ia+Ie (refer- 
ence 7). 

Equation (7) is a})plicable when the w(Mght and the 
mouKMits of iiKU'tia of tlie g(^ar supporting th(* phite 
cnn he negh'cted. It is obvious timt for sohd plates 
1^ = 0. Furl herniore, if the ])uoyancy .of the structure 
of hollow j)hiles is lu'gligible, may be taken as equal 
to vp. 

Equation (7) shows that T,,^ should vaiy directly 
with p. For vacuum conchtions, equation (7) would 
tiien heconie 



I^ecause of the inipi'acticability of attaining a jXM'feet 
vacuum, Tq cannot b(^ directly measured. If swinging 
tests are coiuhicted at a luimber of air densities betwecMi 
atmosphei ic pressure and vacuum, ho\vev(4-, Tq can be 
determined by extrapolating the curve of p against 7\ to 
zero (h'usity. For a test of this nature to be valid, the 
weight and tlu^ suspension length must remain constant 
for diflerent aii' densities in order that the period be the 
only penchihnn cliaracteristic to vaiy with air dcMisity. 

APPARATUS 

The present tests were performed in a vacuum taniv, 
the inside diameter of which was 54 inches (fig. 4). 
Absolute^ pi-(^ssur(^s within the tank, varying from 27 to 
4 inches of nu^'cuiy, were det(»rmined as the difh^rence 
between the gage pressure (measured with a mercury 
manomet(n-) and the atmospheric pressure (measured 



with a barom(»t(u-). Temperatures within the tank 
were also measured to determine the air density. 

The plates used for the tests were all constructed of a 
framework of aluminum tubing of 0.12r)-inch outside 
diameter, covered with 0.001-inch aluminum foil. This 
type of plate was chosen because its weight remains the 
same at different air pr(^ssures. Balsa plates were first 
test(Hl but W(M'e discarchul because of their weight varia- 
tions with air pi'essui'e and liunrKhty. Ail plates tested 




Figure 4.— Vacuum tank, showing plate suspended for test of the additional moment 

of inertia. 



had a span of 20 inches with ihvrr ainniinuni-t ubing 
cross members equally si)ac(Ml along the span. 

Tests of the additional moment of inertia were 
conducted on four rectangnlai- |)hites of b/c ratio 2, 4, 
6, and 8 and on two tapercnl plates (fig. 5) of aspect 
ratio 4 and taper ratios 2.5:1 and 5:1. Tests of the 
additional mass were con(hict(Hl on two rectangular 
plates of aspect ratio 4 and (). 

For tests of the additional mouKMit of inertia with 
the axis of rotation outside the ])lane of the plate, the 
plate was suspended from knife edges by 0.003-inch 
copper wnre (fig. 6). The mass and the moments of 
mertia of these suspension wires were found to be 
negligible. 
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For tosts of tho additional mass with the axis of 
rotation within th(^ plane of the phito, the phitos were 
fitted with small knif(^ edges about which rotation took 
plaee 7). 

When the plates were covered on only one side, the 
volume of the tul)es was found to he sufficiently small 

771 b'^ 

that th(* t(*rm8 Vp/- and -j^ in equation (7) could 
neglected. The plates covered on both sides wcuh* 



1.63 in. 




5:1 taper ratio 




2.5:1 taper ratio 
Figure 5.— Plan forms of the taiHTCd plates tosted in the XACA investigation. 

ventcnl with small holes in the covering in ordcM' that 
the density of the air entrapped by tlu^ ])late would at 
all timers be the same as that of tlie surrounding air. 
The w(Mght of the plate as measurcMl in air could thus 
be applied for all air (h^nsities. 

The characteristics of the compound pcii(hiluni 
necessary for the solution of ecpiation (7) ar(» llu* weight, 

"^y/K Knif e edge 

^ \ t not to scale 




V 



Figure 6.— Diagram showing method of suspending plates for tests of th(> additional 
moment of inertia. 

the suspension length, and tlu^ ])eriod of oscillation. 
The weight and the suspension length, both of which 
remained constant as the tank pressure varied, were 
determined in accordance with conventional laboratory 
practic(\ Because of the limited number of oscillations 
obtainable at pressures near atniosph(M-ic, a timing 
device more accurate than the ordinary stop watch 
was employed. The period at each of a number of 
tank pressures was determined as the average of 20 to 
100 oscillations, the number of oscillations depending 
on the air density. 



RESULTS 

The results of the present NACA tests are tabulated 
in table I. The precision, as based on a comparison of 
the computed and the experimental values of the 
moments of inertia of the plates in vacuum, is seen to 
be within 3.5 percent. 

The values of the co(»fhcient of the additional moment 
of inertia obtained by tlu* prescMit investigation are 
compared in figure 8 with those of previous tests. The 
present NACA results do not agree with any of the 
previous data but fall between the German and the 
original NACA curves. Although th(» (nndence is not 
conclusive, the present tests indicate that plates covered 
on only one side give results which ai'(* crroneouslv hiirh. 
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Fku re 7.— Diagram showing method of suspending i)lates for tests of the additional 

mass. 

This result might be expected because some air is 
probably entrapped between the cross m(»mi)ers of 
tlie frame. 

It should be noted that the dispersion in the test 
I)oints at each value of 6/c for the 1933 NACA tests 
may be due to the fact that (*ach point was obtaiiKMl for 
a different suspension length. 

The size of the tubes of the frameworks used in the 
(i(Mman tests is not reported nor is mention made as to 
wlu^ther the plates were covered on one or both sides. 
Thus, although no statement can be made as to the 
additional mass contributed by the uncovenMl frame, 
the practice of entirely lu^glcH'ting the interf(M-ence eflects 
between the component parts of tlu* })artly covcM-ed 
frame is questionable. 

The Russian results shown in figure 8 fall below all 
the other curves. Although good precision is reported 
for the tests, it should be remembered that the moments 
of inertia of the plates w(^re computed on the assump- 
tion of a uniform density of the plates. 
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The cocfRcioiils of additional mass obtainod by the 
various invosti^'ations are prosontod in %uro 9. Tho 
(Herman results of 1937 are seen to be consi(leral)ly 
higher than those obtained from both the (ierman 
tests of 1980 and the 1933 NACA tests. If, as already 
j)()inle(l out, the plates coveivd on only one side yield 
results that are too high, the present NACA tests may 
be seen to eheek reasonably well the results of the 1930 
German tests and the 1933 NACA results. The British 
test point checks neither of the curves although, if the 
result w(»re corrected for buoyancy (which the British 
author ap|)ar(Mitly did not do), the corrected value of k 
would be of the ordtM' of l.O. 
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Gcr.nan(l937) (referGnce 8) 

S/ACA {I933}{ " 7) 

" {\ 340)- pi of e covered I side 
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Figure 8.— Coi'iricicnts of additional iiioiiient of inertia for r('('tan}?iilar platos. 

A theoretical curve from in^ference 2 for the additional 
mass of (^Hi|)tic |)lates is included in figure* 9. The fact 
that the (ierman data of reference 8 are as much as 20 
pei'cent above this ciu've (and 18 percent above 1.0) at 
hi^j.her vahu^s of h'r indicates the probability that 
llirse experimcMilal curves may be in error. It may be 
noted in |)assing that the same values of the additional 
mass of elliptic j)lates may be obtained by the use of 
either the theoretical values of k on this figure or the 
values of the coc^nicient Cz of figure 3. 

The additional moment of inertia should theoreti- 
cally be indepeiuh^iit of the distance from the axis of 
rotation to the \)\x\\\v of the j)late because displacement 
of the axis should result only in an additional com- 
ponent of motion parallel to the plane of the |)late. 
Experimental confirmation of this assumption was 
obtaiiKMl fi-om the 1933 NACA tests; although the 
values of the additional moment of inertia wei'e found 
to vary somewhat with suspension length, the varia- 
tions wei-e inconsisti^nt and were within the experi- 
mental error. Tlu* values obtained in the British and 
the 1937 German investigations, on the other hand, are 
shown in figui"es 2 and 10 to increase consistently with 
suspension length. Pleines concluded that the de- 



pendence* of /„ on / is negligible* oidy for valuers of Ijb 
less than one-half. In ord(*r to (eliminate this source of 
(MTor, th(* ])i'(*s(*nt NACA leasts we^re made with 
values of Ijb of about one-quart (*r. 
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FicuKE 9.— Cociricionts of additional mass for rectangular and cllijjtic; plates. 

DISCUSSION 

The preceding discussion of the (liff(*rent test pro- 
cedures gives some indication of the variety of methods 
by which the additional-mass effect may be determined. 
Variations may arise from diflVi'ence^s in me^thods of 
susptMiding the ])lat(*s, in the choice of the axis of rota- 
tion, and in tlie inak(*-up of tlu* plates themselves. 



2.0 




FicrKK 10.— Variation of the additional moment of inertia with suspension length 
((ierman tests of 1937; reference 8.) 

E(iually important are the dilFerences in the methods of 
determining the monuMits of incu'tia of the structures of 
the plates. Tlie methods of (l(»t(M"inining /„ may be 
sunnnarized as follows: 

1 . By computation 

2. By swinging the uncovercnl frame in air and adding 
the moment of inertia of the covering either by com- 
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putation or by properly accounting for its mass dis- 
tribution 

3. By swinging tlio plate in a number of air densities 
The uncertainty of obtaining accurate results by 
computation applies both to soHd phites, for which a 
constant density must be assumed, and to frameworks, 
for which the moment of inertia is found as the sum- 
mation of the moments of inertia of numerous elements. 
Method 2 introduces the unknown effects of mutual 
interference and additional mass of the component parts. 
If these (effects are negligible^ however, this method is 
advantageous because the frame may be tested with 
and without covering under otherwise comparable con- 
(Htions. The third method is most easily applicMl if 
the penchdum weight and the suspension length remain 
constant for different air densities. The use of this 
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1.26 1.28 1.30 1.32 1.34 1.36 1.38 MO 
Square of the per/od of oscillation, T^^^sec 

KiGURE 11.— Variation of Ta^ with tank pressure for plate of aspect ratio 8. (1940 
NACA tests.) 

UK^thod permits the determination of the moment of 
inertia of the plate in air and in vacuum without 
changing the make-up of the plate. Foi* this rc^ason, 
and because the air density may be measured with 
good precision, this method is believed to yield more 
accurate measurements of the additional-mass effect 
than either method 1 or method 2. 

Suggested (explanations to account for the discrepan- 
cies shown in figures 8 and 9 include: scale effect, 
sharpness of the edges of the plates, and the fact that 
some of the tests were performed in air below atmos- 
pheric pressure. 

The effect of scale, it is believed, can be eliminated, 
inasmuch as the present NACA results (obtained by 
testing small plates) fall between the 1937 German and 
the 1933 NACA curves (both resulting from tests of 
relatively large plates) . 



The effect of the edge shape w^as investigated by the 
NACA in 1933. The results, which were not pub- 
lished, showed a negligible variation of k' for plates 
with round, square, and elliptical edges. These 
results, however, are at variance with the theoretical 
data of reference 2 in which it is shown that the addi- 
tional mass of rectangular cross sections is appreciably 
higher than for flat plates. The increase depends on 
the t\c (thickness/chord) ratio and is about 14 percent 
for ^/c=0.1. The investigation of edge shape just 
described was conducted on three plates with dimen- 
sions, in inches, }i by 12 by 48, for which the theoretical 
increase is about 4 percent. Inasmuch as the precision 
of the tests was of this order, the conclusion of a negligi- 
ble (effect of edge shape is accounted for. It should be 
noted that, for a series of plates of constant thickness, 
the ijc ratio and consequently the increase in the 
additional mass varies directly with span-chord ratio. 
The efl'c^ct of plate thickness therefore offers a possible 
explanation for the values of k and k' above 1.0 at 
the higher aspect ratios, even when the cross sections 
are not exactly rectangular. Theoretically, of course, 
plates with circular or elHptical edges (in which case the 
cross section approximates that of an elongated ellipse) 
should yield the same additional-mass data as thin 
plates. 

Finally, tests conducted at air densities other tlian 
atmospheric should not be invalidated because: (1) 
The present tests showed linear variations of the square 
of the period of oscillation with air density, or pressure, 
the system being isothermal (fig. 11); and (2) the 
moments of inertia of the phites determiiKMl from these 
variations checked tlu* computed values with reasonably 
good precision. 

A review of the results of the various tests discloses 
the fact that the data obtained in each investigation fall 
with good precision along well-defined curves. Al- 
though several possible sources of error have been 
pointed out, it is difficult, because of a lack of certain 
details of the foreign tests and because of the complexity 
of the factors involved, to assign to each test the errors 
pertinent to that investigation. The (Hfhculty of 
properly evaluating the data of the various tests is 
therefore obvious. In view of the good precision of 
each test and in the absence of any definite sources of 
(M'ror, the only conclusion that can be drawn at this 
time is that the discrepancies in the various results arc 
apparcMitly (hie to consistent errors, which are probably 
embodied in (Hfferences in the experimental methods 
and the a])j)ai'atus (types of plate, means of suspension, 
etc.). One piece of evidence in support of the assump- 
tion of consistent errors may be found in tlu^ present 
NACA tests in which the (\\p(M'imental vahu^s of 7o 
were found to be consistently higher than the computed 
values, a fact showing that the experimental curves 
would have been displaced upward had k and k' been 
determined on a basis of the computed values for Jq. 
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APPLICATIONS TO AIRPLANES 

BIPLANE EFFECT 

The effect on the ndditional moment of inertia due 
to the mutual interferenee of two j)hites was studied by 
the German investigators in 1937 and by the NACA 
investigators in 19313. The results are shown in figure 
12 to be in good agreem(»nt. The Russian tests also 
included one determination of this biplane effect. It 
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Figure 12— Variation of additional moment of inertia with gap-chord ratio for 
orthogonal biplanes, 

was concluded from these tests that, for normal gap- 
chord ratios, the two wings of a biplane may be con- 
sidered as separate plates. 

2.0 



1.6 



0 

K 

3.8 



.4 



































o 


l/c 

1 


















X 


2 



















































































































































4 6 
Dihedral angle, deg 



10 



Figure 13.— Variation of the additional moment of inertia of a single plate with 
dihedral angle; 6/c, 4. (NACA tests of 1933; reference 7.) 

DIHEDRAL ANGLE 

The effect of dihedral angle on the additional moment 
of inertia was investigated during the 1933 NACA tests; 
the results are shown in figure 13. The ratio of the 
additional moment of inertia of a plate with diluMh-al 



to that of a flat plate was found to decrease with the 
dihedral angle, the decrease being of the order of 20 
percent for 6° dihedral. Although the additional 
moment of inertia might be expected to decrease with 
diliech'al, a decrease of this magnitude is questionable. 
The British conducted tests with plates having positive 
and negative dihedral angles of 3J^^. Inasmuch as 
these results were inconsistent, the Britisli authors made 
no attempt to analyze them, and the results are there- 
fore omitted. 

TAPER RATIO 

The decrease in the additional moment of inertia 
with taper ratio as determined by the present NACA 
tests is given in figure 14. The results are presented as 
the ratio of the additional moment of iiuM'tia of a taperc^d 
plate to that of an equivalent rectangular plate. By 
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Figure 14.— Dependence of the additional moment of inertia on taper ratio. 

'^equivalent rectangular plate'' is meant a rectangle 
with the same span and area as a given taperc^l plate. 
The decrease in is shown to be about 40 percent for 
a 5:1 taper. This correction is of particular importance 
for obtaining the true monuMit of inertia about the 
longitudinal axis of airphuies witii tapered wings. 

CONCLUSIONS 

1. The results of the pres(»nt investigation of the 
additional-mass effect of rectangular plates fall a little 
above the data obtained by the NACA in 1933 and 
somewhat below values published in Germany in 1937. 
Sources of error indicated by previous tests having been 
avoided in the present investigation, the new results 
are believed to be the more accurate. The German 
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values appear erroneously high on the basis of theo- 
retical considerations. 

2. The effect of taper ratio on the coefHcient of addi- 
tional moment of inertia was found to be considerable, 
being of the order of 40 p(M'('(Mit for a 5:1 taper. 



Lanoley jMemokial Aeronautical Labokatouy, 
National Advisguy Committee for Aeronautics, 
Langley Field, Va., July 18, 1940. 
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Positive directions of axes and angles (forces and moments) are shown by arrows 



Axis 


Force 
(parallel 
to axis) 
symbol 


Moment about axis 


Angle 


Velocities 


Designation 
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bol 


Designation 
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bol 


Positive 
direction 


Designa- 
tion 
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bol 
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(compo- 
nent along 
axis) 
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Roll 
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Lateral _ 


Pitching 

Yawing 


z — >x 


Pitch 

Yaw 


Normal _ _ 


X >Y 







Absolute coefficients of moment 
p k. n -K 

(rolling) (pitcliing) 



(yawing) 



Angle of set of control surface (relative to neutral 
position), 8. (Indicate surface by proper subscript.) 



4. PROPELLER SYMBOLS 



D Diameter 

p Geometric pitch 

p/D Pitch ratio 

Inflow velocity 
Vs Slipstream velocity 

T Thrust, absolute coefficient Ct= 



Q Torque, absolute coefficient Cq= 



Q 



P 

V 

n 



Power, absolute coefficient Cp^ 



pn'D' 



Speed-power coefficient 



Efficiency 

Revolutions per second, rps 
Effective helix angle^tan"/;^^^^^ 



5. NUMERICAL RELATIONS 



1 hp = 76.04 kg-m/s:-550 ft-]b/sec 
1 metric horsepower =0.9863 hp 
1 mph = 0.4470 mps 
1 mps=2.2369 mph 



1 lb=0.4536 kg 

1 kg=2.2046 lb 

1 mi- 1,609.35 m=5,280 ft 

1 m=3.2808 ft 



